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Abstract-This paper  enhances some concepts of  the Instantaneous Complex Power Theory [1,2] by analyzing
the analytical expressions for voltages, currents and powers developed on a symmetrical RL three-phase system,
during the transient caused by a sinusoidal voltage excitation.

The powers delivered to an ideal inductor will be interpreted, allowing a deep insight in the power
phenomenon by analyzing the voltages  in each element of the circuit. The results  can be applied to the
understanding of non-linear systems subject to sinusoidal voltage excitation and distorted currents.
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I- INTRODUCTION

This paper shows the development and the
analysis of analytical expressions for voltages,
currents and power on a symmetrical RL three-
phase system, during the transient caused by  a
sinusoidal voltage excitation. The basic concepts
and definitions  used here were presented on  the so
called Instantaneous Complex Power Theory [1,2].
This theory is based mainly in the fact that ideal
inductors receive active and reactive powers and the
imaginary powers is the envelope of the
instantaneous reactive power.

Since the circuit voltage excitations are
sinusoidal,  the sum of the non-sinusoidal  voltages
on the resistive and inductive circuit elements is
sinusoidal, accordingly to the Kirchoff voltage law,
because  there is a transient voltage drop component
on each element that cancels one another. It can be
verified that  the real  power, which is received by
the ideal inductors, is related to these non-
sinusoidal voltage drops which are produced by the
transient current components on the resistive circuit
elements.

It will be shown that the powers produced by the
sinusoidal  voltage component and the total current
are those supplied by the ideal voltage source and
the powers produced by the transient voltage and
total current  are those exchanged between the
circuit elements.

Furthermore, it is suggested that the results of this
analysis may be generalized for a better
understanding of power systems in steady-state with
non-sinusoidal waveforms, usually analyzed by
Fourier methods. By this way, power systems
operating on non-sinusoidal steady-state conditions

must be considered as a sequence of transient
periods.

As a matter of revision, it will be presented on the
next section some concepts and power definitions
found in the above mentioned Instantaneous
Complex Power Theory.

II. THE INSTANTANEOUS COMPLEX
POWER

The following transformation is general, but it
will be considered in this paper only for the
symmetrical case.

Consider va , vb and vc  , which are the excitation
voltages of a symmetrical three-phase RL circuit,
given by:

( )v V sin wta = +$ θ (1)

( )v V sin wtb
o= + −$ θ 120 (2)

( )v V sin wtc
o= + +$ θ 120 (3)

A instantaneous space vector is obtained from the
following vectorial expression on the complex plane:

( )~V v a v a va b c= + +2
3

2 (4)

where:

a j= 



exp

2
3
π (5)

The instantaneous space vector, 
~I , for the

current,  is obtained in a similar way.
These vectors are shown in Fig. 1.
The exponential (or polar form) representations

for these vectors are:



( )~ expV V j v= φ (6)

( )~ expI I j I= φ (7)

The expression (4) indicates an operation that
transforms three-phase system into an equivalent
two-phase system.

Fig. 2 shows the two-phase equivalent circuit
where phase α    is coincident to the phase a  of the
original three-phase system, and phase β  is
orthogonal to phase α .

The instantaneous complex power is defined for
three-phase systems as [1]:

~ ~ ~*S V I=
3
2

(8)

The  real power is given by the real part of the
instantaneous complex power as indicated in the
following expression:

{ }P S= Real ~ (9)

The imaginary power is given as the imaginary
part:

( )Q S= Imag ~ (10)

The real power is the power exchanged between
energy storage elements and  external sources, which
is related to the stored energy variation or  to the
power that flows through the system. The real power
is obtained from the component of  

~I  in phase with
~V  (see Fig. 3).

The imaginary power is a quantity proportional  to
the  stored energy into the electrical circuit when the
angular speed of the instantaneous current space
vector is constant. When the stored energy is
constant, the system is in  steady-state and the
imaginary power becomes  the conventional reactive
power [1]. It is also the envelop of the instantaneous
reactive power (see Fig. 5). The imaginary power is
obtained from the component of 

~I in quadrature with
~V  .

III.  ANALYTICAL EXPRESSIONS FOR
VOLTAGES, CURRENTS AND POWERS.

The expression for voltages in a symmetrical
three-phase system  can be developed as follows:

~ ~
~

V R I L
d I

dt
= +

(11)

As the excitation voltages are sinusoidal they can
be represented by the following rotating vector of
constant amplitude and speed:

( )~ &expV V j w t= (12)

where
( )& $ expV V j= α (13)

is the voltage phasor.

The current vector derivative is expressed as:

( )d I
d t

j I
d I
dt

jI I

~
~ exp= +ω φ

(14)

where

ω
φ

I
Id

d t
=

(15)

is the instantaneous current vector angular speed.
Substituting (14) into (11) it becomes:

(~ ~ ~
expV R I j L I L

d I
d t

jI= + +ω
(16)

Using (11) to (16), the instantaneous complex
power equation (8) can be written as:

~S R I j L I L I
dI
dtI= + +



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3
2

2 2ω
(17)

The first term of this expression is the real
power dissipated on the resistors, the second and the
last terms are the imaginary power and the real
power, respectively, delivered to the ideal inductors.
The expression for the stored energy is given as:.

L

I

L I d Iε = ∫3
2 0

(18)

or

L L Iε = 3
2

2
(19)

It can be noticed that the stored energy is related
to  the current vector magnitude.

Fig. 4  shows the real power, the imaginary
power and the energy stored in the inductors during
the transient period.

Fig. 5 shows the imaginary power as the envelop
of phase β  instantaneous reactive power; and Fig. 6
shows the phase β  instantaneous power as the sum of
the instantaneous active and reactive powers.

Fig.1-Voltage and current instantaneous space
vectors  representation on a complex plane.



Fig.2-Equivalent two-phase representation of a
symmetrical three-phase circuit (V=250 V, R=10
ohms, L=100mH).

Fig. 3- Space vectors representation of the current
projections in phase and  in quadrature  with voltage.

The expression for the transient current  is
obtained by  the integration  of the voltage in
equation (11). This vectorial current expression is
the representation of the current in each phase,  by
projecting it on axis of phases a, b and c,
respectively (see Fig. 1):

( )( ) ( )~ $ exp $exp expI I j t I
R

L
t j= + −

−



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
ω α α

(20)

Then, substituting (20) into (16), the analytical
expression for voltage on the load is given by:

( )[ ] ( )

( ) ( )

~ $exp $exp exp

$exp $exp exp

V RI j t RI
R
L

t j

j LI j t LI j
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The second and the last terms of (21) cancel each
other, but they must be taken in account for
obtaining the powers on the inductor and on the
resistor.

Multiplying  equation (21) by (20 ), the
following expressions are obtained for the circuit
elements:

Real power dissipated on the resistors:

( )P R I R I
R

L
t t

R I
R

L
t
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(22)

Imaginary power on the resistors:

Q R = 0 (23)

Real power delivered to the inductors:
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R
L
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R
L

t t
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Imaginary power delivered to the inductors:
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Fig. 4- Real and imaginary powers and energy
received by the ideal inductors.

Fig. 5-Imaginary and instantaneous reactive powers
for the phase- β inductor



Fig. 6-Instantaneous power and instantaneous active
and reactive powers, received by the phase- β
ideal inductor.

The power supplied by the source is given by the
expression:

( )

( )

P R I R I
R
L

t t

L I
R
L

t sin t
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It must be observed that the source doesn’t
“see” the power distribution on the load. This
distribution is  due to the transient voltages on each
load component. In this way, it is impossible, from
the source viewpoint, to know  the actual value of
the real power on the inductor.

A very important conclusion is that the steady-
state voltage component (third  term of (21)) across
the inductor is responsible for the component of
power delivered by the source, and the transient
voltage component (the fourth term of (21)) is
responsible  for the  power exchanged with the
resistance.

It can be observed that as the time constant of
the circuit depends on the resistance value, ideal
inductors may take a long time to be  loaded.

IV- STEADY-STATE OPERATION WITH
SINUSOIDAL VOLTAGES AND NON-

SINUSOIDAL CURRENTS

Consider the following expressions for the
currents on the system without neutral conductor:

( ) ( )i I t I ta = − + − +2 2 21 1 2 2sen sen ...ω ωΦ Φ (27)

( )
( )[ ]

i I t
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+ + − +
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2 2 120

1
0

1

2
0

2

sen

sen

ω

ω

Φ

Φ L

(28)
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After the transformation indicated in (4), the
components in the complex plane are given by:

( ) ( )[ ]I I n t n
n

n nα ω= − −
=

∞

∑ 1
3

1 120
1

0sen cosΦ
(30)

( )I I n t n
n

n nβ ω= −
=

∞

∑ 2 120
1

cos sen (Φ
(31)

These two expressions can be represented by the
following vectorial expression:

( )~ & e x pI I j k w t
k

=
=

∞

∑
1

(32)

and the harmonics can be represented on the
complex plane as:

Fig. 7- Harmonics representation on the complex
plan.

Where k is the harmonic order.

The instantaneous complex power can be
expressed as the sum of an constant vector (with is
the conventional complex power ) and an rotating
vector with speed and amplitude varying in the time.
Given by the equation:

~ ~S S H= + (33)

Fig 8 shows their representation on the complex
plan:



Fig. 8- Instantaneous complex power
representation for non-linear systems.

These conclusions can lead to predict that, for
power systems harmonic studies (in this case the
system operation must be considered as a sequence
of transients), when only the  fundamental voltage is
taken in account, the evaluated power delivered to
the load is the power supplied by the source. It is
necessary to notice that the voltage and current
harmonics of different orders are  taken in account
with the instantaneous complex power analysis, and
these harmonics produce real distortion powers and
imaginary distortion powers in spite of their zero
mean value (in conventional Fourier analysis, these
instantaneous power aren’t taken in account).

Recall that real distortion power is the power
exchanged between electrical energy storage
elements and   machine shafts (when the source is an
electrical machine), which

Fig. 9- Steady-state power flowing to a non-linear
load.

produces vibration on mechanical equipment
(mechanical power).

To evaluate the power transferred to the
remaining  system, it is necessary to consider the
transient voltage on the load. It means that, by just
measuring  the power developed on the load, the
power delivered by the source and the power
transferred to the remaining system may be evaluated
too.

Fig. 9 shows the power 
~
SS  delivered by the

source to the load and the power 
~
Sh  exchanged

between the load and the remaining  system (the
source also supplies the remaining system):

V-CONCLUSIONS

Analytical expressions were developed for the
powers delivered to a three-phase circuit (or to an
equivalent two-phase), which allows a better
understanding of the power in electrical systems.

The instantaneous power presented in this work
may be thought as the actual energy power flow rate
on the circuit element, rather than the
approximation obtained using the  Fourier
approach.

For power quality studies, the Instantaneous
Complex Power Theory promises to be a
complement or an alternative to the Fourier theory.
The idealized power system operates with sinusoidal
waves with constant stored energy. These
characteristics are present on balanced steady-state
linear systems.

On power system  analysis, it is possible to
evaluate the real and the imaginary powers delivered
by the source and the real and imaginary power
transferred to the transmission system by a simple
measurement on the load terminals. It may be very
useful on power quality studies.
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